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Although the Peregrine-type solutions of the nonlinear Scho¨dinger equation have long been as-
sociated mainly with the infamous “rouge waves” on the surface of the ocean, they might have a
much more interesting role in the oceanic depths; in this article we show that these solutions play an
important role in the evolution of the intrathermocline eddies, also known as the “oceanic lenses”.
In particular, we show that the collapse of a lens is determined by the particular generalization of
the Peregrine soliton – so called exultons – of the nonlinear Schro¨dinger equation. In addition, we
introduce a new mathematical method of construction of a vortical filament (a frontal zone of a
lens) from a known one by the Darboux transformation.
PACS numbers: 47.15.ki, 47.27.em
I. INTRODUCTION
Since its inception in 1964 [CGT], the nonlinear Schro¨dinger equation (NLS)
iut + uxx + 2|u|2u = 0, (1)
has been a subject of an intensive study in the mathematical and theoretical physics. The equation has a wide
range of applications starting out from the propagation of the waves on a water surface and ending up with plasma
physics and the nonlinear optics. It allows for a plentitude of solutions, such as the “bright” and “dark” soliton
solutions, breathers and even the N-soliton solutions. However, even among this already impressive array, one
solution stands on its own and attracts a special attention of both theoreticians and the experimentalists: a famous
rouge wave solution. Initially discovered in 1983 by Peregrine [P], it realized a previously unthought of possibility
– a soliton with both a spatial and temporal localizations:
| u |2= A2 + 2 p(t)− ξ
2
(p(t) + ξ2)2
, (2)
where
p(t) =
1
4A2
+ (2At)2, ξ = x− 2at,
and A and a are real constants. This unusual behavior led the professional oceanologists to believe that it is this
wave that may be at least partially responsible for the famous oceanic “rouge waves”, a strange kind of a localized
wave that appears seemingly out of nowhere in the open seas and then promptly disappears again, causing a
considerable damage to those sea vessels that had a misfortune to be on it’s way. The Peregrine soliton seemed
to be a first clear and mathematically precise model of this devastating phenomena. However, there still remained
a concern about the solution (2), which, albeit being an exact one, could well have been unique and virtually
unobservable. This concern has been addressed in 1992 by Matveev and Salle, who have shown that the Peregrin’s
soliton is but a member of a family of solutions of NLS that they have dubbed the “exultons” [MS]. The name
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2stems from the Latin language (“exilio” is the verb used when something “appears suddenly”) and is a tribute to
a simple observation: that |u|2 → A2 as t→ ±∞. The Peregrin’s soliton, for example, is a nonsingular pulse
u(x, t) = A
(
−1 + A
−2 + 4it
p(t) + ξ2
)
ei(ax+(2A
2
−a2)t) (3)
which, for all sufficiently large t > 0, behaves as
| u |2= A2 + A
2 − a2
2(A2 + a2)2
t−2 +O(t−3), t≫ 1.
On the other hand, in [MS] it has been shown that there also exist the exulton-like solutions that approach its
asymptotic value t→ ±∞ in an exponential manner:
| u |2= A2
(
1− 4h(1− h
2) (h+ coshP (t) cosQ(ξ))
(coshP (t) + h cosQ(ξ))
2
)
, (4)
where the quantities P (t), Q(ξ) and h are defined as
P (t) = 4λt
√
A2 − λ2, Q(ξ) =
√
A2 − λ2ξ, h =
∣∣∣∣ λA
∣∣∣∣ < 1,
and λ, A are real. Moreover, a solution of a similar nature has been procured by Ablowitz and Herbst in a study
of a homoclinic structure and a numerically induced chaos for the NLS equation [AH]:
| u |2=
a2
(
µ2E(t)4 + 4E(t)3µ cos(νx) cos(2α) + 2E(t)2
(
µ cos(4α) + 2 cos2(νx)
)
+ 4E(t) cos(νx) cos(2α) + 1
)
(µE(t)2 + 2 cos(νx)E(t) + 1)2
,
(5)
where
µ = 1/ cos2 α, ν = 2a sinα, E(t) = exp
(
2a2 sin(2α)t
)
,
and | u |→ |a| =const as t→ ±∞.
Thus, by the end of the XX century the theoretical grounds have been well-prepared and everything was ready for
an experimental verification. And, after many trials and tribulations, the “rouge wave” have finally been detected:
first in 2010 in the optical fibers [Po10]; then, a year later – in the waves generated in the multicomponent plasma
[Pp11]; until finally the pulse with the behavior characteristic of a Peregrin soliton has been triumphantly discovered
in an experimental water tank [Pw11]. The physical presence of a Peregrine soliton – a “rouge wave” – has become
a fait accompli.
The next question that had to be answered was that of a physical sense of the solutions like (4) and (5). Are
they nothing more but a more complicated version of a “rouge wave”, or do they bear a much deeper significance
in a bigger picture of an oceanic dynamics?.. We claim that the latter is true by providing a phenomena, whose
behavior perfectly fits the bill. The phenomena in question is the frontal vorticity of isolated eddies, which are also
commonly referred to as the intrathermocline eddies (ITE), or simply as “lenses”.
II. INTRATHERMOCLINE EDDIES
The contemporary literature dedicated to the phenomenon of the oceanic lenses is rather extensive, stretching
from the purely mathematical studies of lenses’ theoretical aspects to many a volume of the observational data
(see e.g. [DMHS]). The usual definition goes like this: a “lens” is an anti-cyclonic eddy that has the following
properties:
• the overall shape of a horizontally oriented biconvex lens;
• a smallness of the vertical gradients of the inner temperature, salinity and density;
• the possible inclusions of extraneous waters;
• a localization mainly in the subsurface and the intermediate water layers.
3The term “intrathermocline” is a tribute to the fact that the lenses are localized deep in the thermocline region
(sometimes even in a pycnocline), far from the surface of the ocean. The lenses usually have a thickness of some
hundreds of meters, a length of a few kilometers in diameter, and do rotate counter-cyclonically (a cyclonic rotation
is actually possible but is significantly less frequent) with the orbital velocities of up to 30 cm/s [KR, AZ]. The
lenses are widespread in the oceans – since 1976 to 1992, for example, more then 200 of lenses have been identified
in the Atlantic, Pacific and Indian Oceans [BK1]. They are also one of the most long-lived objects in the ocean –
by some estimates, their life span might stretch for more than a decade [MR], which is made even more astounding
by the fact that some of the lenses have been observed at 6–7 thousands of kilometers from the place of their origin
[BK2].
So, what brings to life these unusual objects?.. The most popular theory of a lens’ generation associates it with
intrusive water flows extending along the intrinsic horizontal isopycnal surfaces. Because of a non-zero viscosity,
the velocity of an intrusive tongue will differ in the center and in its outermost areas, thus turning the area confined
within an arbitrary “liquid contour” (chosen inside of a tongue) into a time-dependent one. On the other hand,
by the Bjerknes circulation theorem, the resulting vorticity will be a subject of change under the Coriolis force.
Various numerical experiments demonstrate that when an initial vorticity is non-homogeneous, the evolution of an
intrusive flow results in the separation of an eddy and, thus, a subsequent creation of a new lens.
A new-born lens will only be stable if the mixing effects are sufficiently small; this also implies that the vorticity
will be focused on a frontal, almost circular, zone of a lens. This frontal vorticity is often called a vortex filament,
since a ratio of vertical to horizontal characteristic scales for the oceanic lenses does not exceed 10−3. The reason
for this has been ascertained in the course of laboratory experiments with density lenses in a rotating fluid [KN, Z].
These experiments have shown that early in the formation process of the lens the horizontal pressure gradient
flattens it in the vertical direction (the so-called collapse of lens), thus transforming the frontal vortex filament into
an essentially flat curve. Moreover, because the horizontal projection of a lens is almost circular, the filament with
time degrades not just into a flat curve, but a flat curve of a constant curvature, i.e. a circle. The importance of
this observation will become apparent once we turn out attention to an interpretation of the solutions (2)–(5).
Before we conclude this section, we would like to discuss two important experimental results that have been
independently obtained in the works of Kostyanoy-Shapiro [KS1, KS2] and Kitamura-Nagata [KN]. Both groups
studied the behavior of a rotating lens formed via the intrusion process. In both experiments shutting down the
source of an intrusion flow resulted in a viscous Ekman relaxation of a lens, manifesting itself in a slow gradual
expansion of radius of the lens and a decrease in its thickness (hence, the term “collapse”). However, the exact way
these processes unfolded differed between the two experiments. In the Kitamura-Nagata case the surface radius
of a lens has been expanding as R ≈ √t while the thickness behaved as H = H0 exp(−ct), where H0 is an initial
thickness of a lens and c > 0 depended on the viscosity and the density of the intrusive flow. Quite different
results have been obtained by the Kostyanoy-Shapiro group. Their experiments have shown the radius of a lens
increasing as R ≈ td with d = 0.25 ± 0.07, while the thickness decreased not exponentially but as H ≈ 1/tc with
c > 0. An explanation to this almost scandalous discrepancy has been proposed by A. Zatsepin in the article [Z].
His idea was that the two groups have observed the lenses in two different phases of their lives. In particular,
the Kitamura-Nagata group studied the initial (so-called inertial) phase of lens formation, characterized by an
exponential relaxation of such major characteristics as thickness of the lens and the curvature of its front. This
regime cannot not hold forever, so it soon gives way to the polynomial regime of collapse – in particular, changing
the law that governs the behavior of the lens thickness to H ≈ t−1/2, just as observed by Kostyanoy and Shapiro.
Eventually, a viscosity will put an end to a decrease of H altogether, leading to a last, viscous stage of the evolution
of the lens with a proper circular shape and a constant thickness H [KS2]. It is important to note that, although
the last two phases are relatively well-studied, it is the first (initial or inertial) phase that proves to be most difficult
for both the observations and the mathematical modeling. The problem gets aggravated by a requirement for a
smooth transition of this regime into a second stage of the collapse.
The main goal of the current article is to offer a way of creating models of evolution of the most significant part
of an intrathermocline eddy – its frontal vorticity, with the specific requirement: that the internal characteristics
of the eddy (namely, the curvature and the torsion) would be governed by an exponential law that recedes in time,
giving way for a polynomial dependence that, in turn, as t → +∞ yields a vortex filament of a proper circular
shape with constant curvature and torsion. Most surprisingly, this goal ends up being directly related to the task of
establishing a superposition of Peregrine soliton with an exponentially behaving exulton, as will be demonstrated in
Sec. III. But before we get there, we are going to address the pivotal question of why and how does NLS equation
(1) relates to the parameters of an arbitrary vortex filament.
4III. THE NLS AND THE COLLAPSE OF A VORTEX FILAMENT
In the paper [H] Hasimoto has shown that when a vorticity is confined within a long narrow tube (a vortex
filament) with its characteristics being constant across the tube, the evolution of the curvature and torsion of a
filament will be described by the NLS equation (1). The result goes like follows.
Let k = k(x, t) be the curvature of a vortex filament, κ = κ(x, t) – the filament’s torsion, and x – a natural
parameter along it. If the velocity of the vortex filament only have a binormal component, then a new function
u = u(x, t), defined as
u(x, t) ≡ 2k(x, t) exp
{
i
(∫ x
0
dx′ κ(x′, t) +
∫ t
0
dt′F (t′)
)}
, (6)
will be a solution to the NLS equation (1) (where F (t) is some arbitrary function). Thus, if the orthogonal
component ~v
N
of the velocity ~v is invariant throughout the vortex filament, simply switching to a reference frame
moving with the velocity ~v
N
and perusing the corresponding nonlinear Schro¨dinger equation would allow one to
predict the further evolution of a shape of the vortex filament.
To be more precise, let u(x, t) = ur(x, t) + iui(x, t), where ur and ui are two real-valued functions. Introducing
two new functions r =| u |=
√
u2r + u
2
i and q = ui/ur, we may rewrite the equation (6) as the system
k(x, t) = r(x, t)d/2
κ(x, t) = ∂x (arctan q(x, t)) .
(7)
The system (7) has a number of consequences. In particular, the zeroes of the curvature of vortex filament apparently
correspond to zeroes of the solution u, while the zeroes of the torsion are the products of either the zeroes of ur or
of a local linear dependance between the imaginary and real parts of u. Interestingly, the assumption that torsion
is identical to zero everywhere might only be satisfied by a purely real (or purely imaginary) time-independent
solution of (1) of the form
| uc(x) |=| a sn(ax;−1) |,
where sn(x;m) is a standard Jacobi elliptic function and a ∈ R.
Another simple but interesting application of the formula (7) is associated with the traveling wave solution of
the NLS equation (1)
v(x, t) = A exp{i (ax+ (2A2 − a2)t)}, (8)
where a,A ∈ R. Due to a specific form of solution (8), the parameter q(x, t) = tan(ax+(2A2− a2)t) which implies
that the corresponding vortex filament solution has both constant torsion κ = a and curvature k = A/2. In fact,
it is easy to show that this is the only solution of (1) with such properties.
Returning back to our case and using the formulas (7) for the Peregrine soliton (2) (assuming for the sake of
simplicity that a = 0) we obtain the following formula:
κ =
128A4xt
256A8t4 + 128A6(xt)2 + 16A4(x4 + 10t2)− 24A2x2 + 9 .
The similar calculations can be performed for solutions (4) and (5) (we do not show the calculations here only due to
the cumbersomeness of the resulting formulas). It should now be clear that the solutions (2)–(5) suits the purpose
of simulation of the lenses’ collapse rather well. Indeed, as t → +∞, κ → 0, and k →=const, to the solutions
(2)–(5). Let us note here that all these solutions permits an introduction of new parameters – in particular, the
ones that make sure the asymptotic limit of torsion is a non-zero number, albeit an infinitesimal one. In these cases
the filament will degrade into a quasy-flat (but not absolutely flat) curve.
The solutions (4), (5) provide us with two examples of the closed vortex filaments, that can be associated with
a frontal vorticity of a collapsing eddy. The solutions (2) and (4) were obtained via Darboux transformations [MS]
whereas the solution (5) has been procured with the aid of Hirota method [AH]. It is possible to construct a
superposition of both exponential and rational solutions (2) and (4). To do this, however, one should first derive
the nonlinear superposition formulae for the NLS equation via the Darboux transformation.
The LA-pair for NLS has the form
LˆΨ = ΛΨ, Ψt = AˆΨ, (9)
5where Lˆ and Aˆ are two matrix-valued (2 × 2) differential operators (w.r.t. the variable x), of the first and second
order correspondingly [MS];
Ψ =
(
ψ1 ψ2
−ψ∗2 ψ∗1 ,
)
, Λ =
(
l 0
0 l∗
)
,
and l is a complex spectral parameter.
Let Ψ1,2 be two solutions of the system (9) for the respective values of the spectral parameter l1,2 and let u be a
fixed solution of the NLS. Define the matrix functions τk = ΨkΛkΨ
−1
k , k = 1, 2. Then, the LA-pair equations are
invariant under the Darboux transformation,
Ψ→ Ψ[1] = ΨΛ− τΨ, u→ u[1] = u− 2(l− l∗) ψ1ψ
∗
2
| ψ1 |2 + | ψ2 |2 . (10)
In particular, the solutions (2) and (4) have been explicitly derived by (10) under the assumptions u ≡ u0 =
A exp(2iA2t) and a = 0.
In order to construct the nonlinear superposition formulae one should make use of the fact that the two sequential
Darboux transformations can be rewritten as a product of two commuting operators:
u[1, 2] = u[2, 1] = u3.
Using this fact, we will, after some straightforward calculations, get a sought after nonlinear superposition formula
for the solution (2) (u1) and (4) (u2):
u3 =
1
2
(u1 + u2) + uint,
where
uint =
(g∗1 − g∗2)2(u1 + u2 − 2u0) + (u1 − u2)2(u1 + u2 − 2u0)∗ − 2(g21 − g22)∗(u1 − u2)
| g1 − g2 |2 + | u1 − u2 |2 ,
with
gk =
i
| u0 |2 − | uk |2 (u0∂xw
∗
k − u∗k∂xwk) , wk ≡ uk − u0.
It is possible to choose the parameters in such a way that the exponential solution u2 will dominate at t close to
zero, and the rational solution u1 will start dominating as t→∞.
IV. CONSTRUCTING THE BRAND NEW VORTEX FILAMENTS
We have seen in the previous section that the NLS equation can be indispensable if one wishes to construct the
vortex filaments through its curvature and torsion. What remains unresolved is the problem of recovery of the
curve’s shape from a given curvature and torsion. In this section we will discuss this problem and, in addition, we
present a method of construction of a vortical filament from a known one, using the Darboux transformation.
Let us denote a vector tangential to the vortical filament by ~v; ~n and ~b will denote a normal and binormal
vectors, respectively. These values are interrelated through the Frene formulas. Our goal now is to find a shape of
a corresponding vortical filament by means of parametrization
~r(x, t) =
∫ x
a
dx′~v(x′, t),
where ~r(x, t) is a radius-vector of the points belonging to the curve. The problem then reduces to finding the
tangent vector as the function of a natural parameter and time. This, of course, requires solving three Ricatti
equations [St],
∂xψk + ik(x, t)ψk −
iκ(x, t)
2
(1− ψ2
k
) = 0, k = 1, 2, 3. (11)
6Here
ψ
k
≡ vk + ink
1− b
k
,
v
k
, n
k
and b
k
are the components of the appropriate vectors. The knowledge of ψ allows one to recover the
exact form of ~v (although it will contain at least one arbitrary parameter, associated with a way one chooses the
coordinate system). The task of determining the shapes of the vortex filaments from the solutions of NLS can be
performed by the by the means of the Sym formula, and it has been extensively studied in such papers as [Si], [C1],
[C2]. In this article we decided to concentrate instead on deriving the explicit expressions for the curvature and
torsion. However, there is still one interesting point we would like to discuss here first. After linearization of (11)
via the substitution ψ = −2i∂x lnΦ/κ, one obtains the equation of the second order
Φxx + [ik(x, t)− ∂x lnκ(x, t)] Φx + (κ(x, t)/2)2Φ = 0. (12)
This equation is not easy to integrate. If, however, one does manage to find a full set of exact linearly independent
solutions {Φ
1,2
} for at least some values of k(x, t) and κ(x, t):
Φ
2
=
Φ
1√
κ
exp
{
i
2
∫
dx′k
}
·
∫
dx′
κ
Φ2
1
exp
{
i
∫
dx′′k
}
,
then it would be possible to convey a systematic procedure of construction of new integrable potentials, quite
analogous to the Darboux transformation [MS, D, C]. Indeed, let Φ
1
and Φ
2
be two solutions of (12). A direct
computation shows that the function
Φ
2
[1] = S (Φ1∂xΦ2 − Φ2∂xΦ1) /Φ1,
satisfies (12) with the new potentials (we omit the arguments of functions for the sake of brevity):
κ[1]2 = −κ2 − 4
(
up+ ux +
Sxx + Sx(u+ p)
S
− ∂x(lnΦ1) (2u+ p+ 2∂x ln(S/Φ1))
)
,
k[1] = k − ip+ i∂x ln(κ[1]/κ),
(13)
where u ≡ −ik + (lnκ)x. The functions S(x, t) and p(x, t) should be chosen in a way that complies with κ[1], k[1]
being real-valued. In particular, the absence of an imaginary part of k[1] implies that the real part of p, which we
denote by p
R
, equals
Re p = p
R
= (lnκ[1]/κ)x, (14)
while the imaginary part Im p = p
I
remains for the time being an arbitrary quantity. Substituting (14) into the
first formula of (13) and introducing a new function χ ≡ lnκ[1], we obtain a new nonlinear differential equation
for χ,
F1χx + F2 = exp {2χ} (15)
and the condition of the real-valuedness of the functions F1,2 is the necessary condition for the real-valuedness of
χ. It is convenient at this point to represent the functions Φ
1
and S as exponential functions
Φ
1
= A exp{iα}, S = B exp{iβ}.
The condition Im F1 = 0 leads to the formula
β = α+
∫
dl k,
which, together with the similar condition for F2, allows one to calculate pI . As the result, we obtain the following
law of the curvature transformation,
k[1] = k +
(2k + αx)x + k (lnB/κ)x + αx
(
ln (κB4)/A2
)
x
(lnκ/(AB))x
. (16)
7In order to find a similar formula for the torsion, one should solve the nonlinear equation (15). By decreasing
its order, one can reduce it to the Ricatti equation, which can be represented along the same lines as (12). If one
will manage to integrate it (by finding such a function B that allows a maximal simplification of the potential
involved), the problem will be solved. The second solution of the transformed equation (12) might be obtained by
an application of the formula (13). In other words, once a curvature and torsion that allows for a reconstruction
of a shape of a curve (that is, finding the general solution of equation (12)) have been found, we can consequently
construct an infinite number of filaments of the same property. Let us note that, in contrast to the routine method
of construction of the integrable potentials by the means of Darboux transformation, we have to use not one but
two integrable linear equations of the second order.
By way of example let’s consider a curve of the constant curvature and torsion. The solution of equation (12)
have the form
Φ
1
= cos
(√
k2 + κ2 x
2
)
exp
{
− ikx
2
}
. (17)
Then
α = −π
2
sign
(
sin
(
kl
2
)
cos
(√
k2 + κ2 l
2
))
+ π
[
kl
2π
]
+
π − kl
2
A = 2 cos
(√
k2 + κ2 l
2
)
,
(18)
and the braces in the second term indicate that the number therein should be lowered down to a closest integer.
Using (18) we end up with the formula for a new curvature
k[1] =
4kBx cos
(√
k2 + κ2 x/2
)
2kBx cos
(√
k2 + κ2 x/2
)−√k2 + κ2B sin (√k2 + κ2 x/2) ,
which can be associated with a frontal vorticity of a lens undergoing a collapse in an oscillating regime. Computation
of coefficients F1 and F2 leads to rather cumbersome expressions, which we will omit here.
The transformation described above, which we’ll further refer to as the Darboux transformation, allows for more
iterations. To see this, let us rewrite the analogue of equation (11) after N iterations:
Φ[N ]′′ + P [N ]Φ[N ]′ +Q[N ]Φ[N ] = 0, (19)
where by P [N ] and Q[N ] we have defined the following quantities
P [N ] ≡ ik[N ]− (lnκ[N ])′, Q[N ] ≡ κ[N ]
2
4
. (20)
For our next step we will require exactly (N + 1) special solutions of (9): {Φ
1
, Φ
2
, ..., Φ
N
, Φ
N+1
≡ Φ}, λ
i
6= λj ,
λ
N+1
= 0. It is easy to see that the N-times iterated function Φ[N ] can be written as
Φ[N ] = S(Φ(N) +
N∑
k=1
akΦ
(N−k)), Φ(k) ≡ ∂
kΦ
∂lk
. (21)
Substituting (21) into (19) yields
SΦ(N+2)+(2S′ + SP [N ])Φ(N+1) + (S′′ + S′P [N ] + SQ[N ])Φ(N)+
N∑
k=1
[((Sak)
′′ + (Sak)
′P [N ] + SakQ[N ])φ
(N−k)+
(2(Sak)
′ + SakP [N ]) Φ
(N−k+1) + SakΦ
(N−k+2)] = 0.
(22)
Next, we solve (19) for Φ′′ and subsequently differentiate it N times. This produces
Φ(N+2) = −
N∑
m=0
CmN
(
P (N−m)Φ(m+1) +Q(N−m)Φ(m)
)
, (23)
8where CmN =
N !
(N−m)!m! ; substituting (23) into (22) and assuming the linear independence of the various derivatives
of Φ, we end up with the following expressions for P [N ] and Q[N ]:
Q[N ] = Q+NP ′ − (S
′ − 2Sa1)′
S
−
(
S′
S
+ a1
)
P [N ]− a2,
P [N ] = P − 2S
′
S
− a1.
(24)
Let S = exp(fR + ifI). Recalling from (20) what P and Q amounts for, the second equation from the system
(24) yields
k[N ] = k − 2i(ln κ[N ]
κ
)′ + 2i(lnS)′ + ia1.
Imposing a physically sound requirement that k[N ] ∈ R results in new formulas for both a torsion
(ln
κ[N ]
κ
)′ = 2f ′R + a1,R, (25)
and a curvature
k[N ] = k − 2f ′I − a1,I , (26)
where it is important to keep in mind that the fI is an arbitrary function.
Now we turn our attention to the first equation of the system (24) and require the torsion to be a real-valued
function. This implies that the imaginary part of this equation is identically equal to zero. What follows is the
relationship for fR:
f ′R = −
a1,R(2a1,I + f
′
I − k) + (a1,R + f ′I)(lnκ)′ − (a2,I + 2a1,I −Nk + f ′I)′
a1,I + 2f ′I − k
. (27)
Upon the substitution of (27) into the first equation of (24) we end up with
κ[N ]2
4
=
κ
2
4
−N(lnκ)′ + Z1
Z2
, (28)
where
Z1 =a
2
1,R(3a
2
1,I + 3a1,I(f
′
I − k) + 3(f ′I)2 − 3kf ′I + k2) + a1,R(2a21,I(lnκ)′−
a1,I(3a2,I + 6a
′
1,I − (3N + 1)k′ + 2(3(f ′I)2 − (lnκ)′f ′I)) + ka2,I + a′1,I(3f ′I + k)−
k′(f ′I +Nk) + 2(kf
′′
I + (lnκ)
′f ′I(f
′
I − k)))− a41,I + a31,I(3k − 5f ′I)− a21,I(a2,fI+
9(f ′I)
2 − 11kf ′I + 3k2)− a1,I(2a2,fI (2f ′I − k) + (lnκ)′a2,I + a′1,R(3f ′I − k) + 2a′′1,I+
2(lnκ)′a′1,I + a
′
2,I −Nk′′ − (N + 1)(lnκ)′k′ + f ′′′I + 2(lnκ)′f ′′I + 8(f ′I)3 − 14k(f ′I)2+
f ′I(7k
2 + ((lnκ)′)2)− k(k2 + ((lnκ)′)2))− a2,fI (4(f ′I)2 − 4kf ′I + k2) + a22,I + a2,I(5a′1,I−
(2N + 1)k′ + 4f ′′I − (lnκ)′k)− a′1,R(6(f ′I)2 − 5kf ′I + k2) + 2a′′1,I(k − 2f ′I) + 6(a′1,I)2−
a′1,I((5N + 2)k
′ + (lnκ)′(3k − f ′I)) + a′2,I(k − 2f ′I) +Nk′′(2f ′I − k) +N(N + 1)(k′)2+
k′((lnκ)′(f ′I +Nk)− 9f ′′I − (4N + 1)f ′′I )(k − 2f ′I) + 3(f ′′I )2 − 2(lnκ)′kf ′′I − f ′I(4(f ′I)3−
8k(f ′I)
2 + f ′I(5k
2 + ((lnκ)′)2)− k(k2 + ((lnκ)′)2)),
Z2 =a1,I + 2f
′
I − k.
The compatibility condition of (25) and (28) has the form
1
2
{
ln
(
κ
2 − 4N(lnκ)′ + 4Z1
Z2
)}
′
= (lnκ + 2fR)
′ + a1,R. (29)
Choosing fI that satisfies (29) leads to the following formula for the torsion:
κ[N ] =
√√√√(κ2 − 8N(lnκ)′ + 8Z1Z2
)
′
2[(lnκ + 2fR)′ + a1,R]
.
9What remains unknown here are the coefficients a1,2. In order to find them, let us first notice that the N -th
iterations of each of the functions {Φ
1
, Φ
2
, ..., Φ
N
} are identically equal to zero. Thus, we have a system of N
linear equations:
Φ
(N)
j +
N∑
k=1
akΦ
(N−k)
j = 0, j = 1, ..., N.
Hence, the coefficients in question can be found out using the standard Cramer’s formulas:
a1 = −D1
D
, a2 =
D2
D
,
and
D =
∣∣∣∣∣∣∣∣∣∣∣∣
Φ
(N−1)
1 Φ
(N−2)
1 Φ
(N−3)
1 ... Φ1
Φ
(N−1)
2 Φ
(N−2)
2 Φ
(N−3)
2 ... Φ2
.
.
.
Φ
(N−1)
N Φ
(N−2)
N Φ
(N−3)
N ... ΦN
∣∣∣∣∣∣∣∣∣∣∣∣
D1 =
∣∣∣∣∣∣∣∣∣∣∣∣
Φ
(N)
1 Φ
(N−2)
1 Φ
(N−3)
1 ... Φ1
Φ
(N)
2 Φ
(N−2)
2 Φ
(N−3)
2 ... Φ2
.
.
.
Φ
(N)
N Φ
(N−2)
N Φ
(N−3)
N ... ΦN
∣∣∣∣∣∣∣∣∣∣∣∣
D2 =
∣∣∣∣∣∣∣∣∣∣∣∣
Φ
(N)
1 Φ
(N−1)
1 Φ
(N−3)
1 ... Φ1
Φ
(N)
2 Φ
(N−1)
2 Φ
(N−3)
2 ... Φ2
.
.
.
Φ
(N)
N Φ
(N−1)
N Φ
(N−3)
N ... ΦN
∣∣∣∣∣∣∣∣∣∣∣∣
V. CONCLUSION
In this article we have demonstrated that although the famous Peregrine solution of the Nonlinear Schro¨dinger
equation (NLS) is usually considered a paragon of a menace that are the rouge waves, it might play a mich subtler
role in the vortical dynamics of the world Ocean, for it describes the behavior of a frontal vorticity of such a
widespread phenomena as the intrathermocline eddies. This phenomena, also known as the ocean lenses, forms as
a by-product of an intrusion of a “tongue” of foreign waters into a water mass of different density/salinity (see Sec.
II).
A new-born horizontally-oriented eddy undergoes a number of changes, such as the vertical flattening and
smoothening in the edges, and eventually acquires the shape remarkably similar to that of an optical lens – hence
the name. Due to the effects of viscosity, the vorticity of the lens focuses in the frontal area, which, thanks to the
aforementioned flattening, turns into what is called a vortical filament. The process of conversion of an initial
eddy into a well-formed lens with a frontal vortical filament of the nearly-constant torsion and curvature is called
the collapse of the lens, and it can be broken into three phases. The first, inertial phase, is characterized by
exponential behavior of its characteristics (curvature, torsion, height). During the second, intermediate one, the
regime is switched from the exponential to polynomial. The last, viscous phase, is when the characteristics of a lens
reach their asymptotic values. We have shown that, using the Hasimota method (see Sec. III), each one of these
regimes might be associated with the designated Peregrine-type solitons of the NLS. Interestingly, the Peregrine
soliton itself corresponds only to the second and the last stages of the collapse of a lens. The first one, being
exponential by nature, requires the exponential generalization of the Peregrine soliton, which can be obtained by
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the means of a Darboux transformation performed for a periodic (in time) solution of NLS. The overall solution
thus ends up being a linear superposition of the two, with the exponential one dominating for small values of t
and the polynomial solution taking over for large t. Finally, in Sec. IV we have demonstrated that there exist an
algorithm akin to a Darboux transformation, that allows to construct new curvature and torsion functions from
the previously known ones. The resulting functions are compatible with NLS and thus also corresponds to some
vortex filament. By way of example, we have constructed a curvature function, which can be associated with a
frontal vorticity of a lens undergoing an initial stage of a collapse in an oscillating regime.
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